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In this paper, we prove that if the m-th root metric F = m
√
ai1 i2···im (x)yi1 yi2 · · · yim is an Ein-
stein metric, that is, Ric = (n − 1)K F 2, where K = K (x) is a scalar function, then K = 0.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Finsler spaces with an m-th root metric
F = m
√
ai1i2···im(x)yi1 yi2 · · · yim
were studied in 1979 by Shimada (see [1]). When m = 3, it is called a cubic Finsler metric (see [2]). A special fourth root
metric in the form F = 4√y1 y2 y3 y4 is called the Berwald–Moore metric. Recently, Berwald–Moore metrics are considered by
physicists as an important subject for a possible model of space–time (see [6]). For fourth root metrics, geodesics and
related geometrical objects have been studied by S.V. Lebedev (see [7]). Recently, Z. Shen and B. Li have also studied the
geometric properties of locally projectively ﬂat fourth root metrics in the form F = 4
√
aijkl(x)yi y j yk yl and generalized fourth
root metrics in the form F =
√√
aijkl(x)yi y j yk yl + bij(x)yi y j (see [5]). Nicoleta Brinzei provides necessary and suﬃcient
conditions for an m-th root metric to be projectively ﬂat, or projectively related to Berwald/Riemann spaces. And she also
gives a speciﬁc characterization for m-th root metric spaces of Landsberg and of Berwald type (see [3]).
The Ricci curvature of a Finsler metric F on a manifold is a scalar function Ric : TM → R with the homogeneity Ric(λy) =
λ2 Ric(y). A Finsler metric F on an n-dimensional manifold M is called an Einstein metric if there is a scalar function
K = K (x) on M such that
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Recently, C. Robles studied a special class of Einstein Finsler metrics, that is, Einstein Randers metrics, and obtained the
following interesting result: for a Randers metric on a 3-dimensional manifold, it is Einstein if and only if it has constant
ﬂag curvature. E. Guo, X. Mo and X. Zhang give an explicit construction of a 3-parameter family of Einstein Finsler metrics
of non-constant ﬂag curvature in terms of navigation representation (see [9]). The main purpose of this paper is to study
Einstein m-th root metrics. We prove
Theorem 1.1. Let F = m
√
ai1 i2···im (x)yi1 · · · yim be a non-Riemannianm-th root metric on a manifold of dimension n 2, where m 3.
If F is an Einstein metric, then it is Ricci-ﬂat.
More generally, a Finsler metric on an n-dimensional manifold is called a weak Einstein metric if
Ric = (n − 1)
{
3θ
F
+ σ
}
F 2,
where θ is a 1-form and σ = σ(x) is scalar function (see [10]). We prove the following
Theorem 1.2. Let F = m
√
ai1 i2···im (x)yi1 · · · yim be a non-Riemannianm-th root metric on a manifold of dimension n 2, wherem 3.
If F is a weak Einstein metric, then Ric = 0.
Next, we would like to study Ricci-ﬂat m-th root metrics. Are there non-Riemannian Ricci-ﬂat m-th root metrics? This
problem remains open.
2. Geodesic sprays ofm-th root metrics
Let F be a Finsler metric on a manifold M . We always assume that F is positive deﬁnite (or strongly convex), namely,
the matrix (gij) is positive deﬁnite, where
gij = gij(x, y) := 12
[
F 2
]
yi y j (x, y) (y = 0).
The geodesics of F are characterized by a system of equations:
d2xi
dt2
+ Gi
(
x,
dx
dt
)
= 0,
where
Gi = 1
4
gil
{[
F 2
]
xk yl y
k − [F 2]xl}.
Clearly, if F is Riemannian, then Gi = Gi(x, y) are quadratic in y. F is called a Berwald metric if Gi = Gi(x, y) are quadratic
in y. Thus every Riemannian metric is a Berwald metric.
An m-th root metric in the form F = m
√
ai1 i2···im (x)yi1 yi2 · · · yim is a Finsler metric, where ai1 i2···im (x) depend on the
position alone, with symmetric indices i1, i2, . . . , im and m 3.
For convenience, we introduce the following notations (see [4]):
A = ai1i2···im (x)yi1 · · · yim = Fm,
Ai = aii2···im (x)yi2 · · · yim =
1
m
∂ A
∂ yi
,
Aij = aiji3···im(x)yi3 · · · yim =
1
m(m − 1)
∂2A
∂ yi∂ y j
,
Aijk = aijki4···im(x)yi4 · · · yim =
1
m(m − 1)(m − 2)
∂3A
∂ yi∂ y j∂ yk
.
The normalized supporting element is given by
li := F yi =
∂ F
∂ yi
= ∂ A
1
m
∂ yi
= 1
m
∂ A
∂ yi
A
m−1
m
= Ai
Fm−1
,
and the fundamental tensor is given by
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∂2F 2
∂ yi∂ y j
= F F yi y j + F yi F y j
= (m − 1) Aij
Fm−2
− (m − 1) Ai A j
F 2m−2
+ Ai A j
F 2(m−1)
= (m − 1) Aij
Fm−2
− (m − 2) Ai A j
F 2(m−1)
.
We have
Aij = F
m−2
m − 1 gij +
m − 2
m − 1
Ai A j
Fm
.
If (gij) is positive deﬁnite, then (Aij) is positive deﬁnite. Let
(Aij)
−1 = (Aij).
It is obviously that Aij are rational functions in y.
Let
(gij)
−1 = (gij).
We have
gij = F
m−2
m − 1 A
ij + m − 2
m − 1
yi y j
F 2
.
The spray coeﬃcients of F are given by
Gi = 1
4
gil
{[
F 2
]
xk yl y
k − [F 2]xl}
=
(
Fm−2
4(m − 1) A
il + m − 2
4(m − 1)
yi yl
F 2
){[
F 2
]
xk yl y
k − [F 2]xl}
= F
m−2
4(m − 1) A
il{[F 2]xk yl yk − [F 2]xl}+ m − 24(m − 1)
yi
F 2
{
2
[
F 2
]
xk y
k − [F 2]xk yk}
= F
m−2
4(m − 1) A
il{[F 2]xk yl yk − [F 2]xl}+ m − 24(m − 1)
yi
F 2
[
F 2
]
xk y
k.
Observe that
[
F 2
]
xk = 2F Fxk = 2F
1
m
∂ A
∂xk
Fm−1
= 2
∂ A
∂xk
mFm−2
,
[
F 2
]
xk yl =
m2 ∂ Al
∂xk
mFm−2
− 2(m − 2)
m
∂ A
∂xk
Fm−1
F yl =
2 ∂ Al
∂xk
Fm−2
− 2(m − 2)
m
∂ A
∂xk
F 2(m−1)
Al.
We get
Gi = F
m−2
4(m − 1) A
il
{2m ∂ Al
∂xk
yk
mFm−2
− 2(m − 2)
∂ A
∂xk
yk
mF 2(m−1)
Al −
2 ∂ A
∂xl
mFm−2
}
+ (m − 2)y
i2 ∂ A
∂xk
yk
4(m − 1)F 2mFm−2
= A
il
2(m − 1)
{
∂ Al
∂xk
yk − 1
m
∂ A
∂xl
}
.
Then we have
Lemma 2.1. Gi are rational functions in y.
3. Einstein metrics
For a Finsler metric, the Riemann curvature R y : TxM → TxM is deﬁned by R y(u) = Rik(x, y)uk ∂∂xi , u = uk ∂∂xi , where
Rik = 2
∂Gi
k
− y j ∂
2Gi
j k
+ 2G j ∂
2Gi
j k
− ∂G
i
j
∂G j
k
. (1)∂x ∂x ∂ y ∂ y ∂ y ∂ y ∂ y
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Rik = K (x, y)F 2
{
δik −
Fk yi
F
}
. (2)
The Ricci curvature Ric is deﬁned to be the trace of R y
Ric(y) := Rkk(x, y).
Ric is a scalar function on TM \ {0}. F is called an Einstein metric if there is a scalar function K = K (x) on M such that
Ric = (n − 1)K F 2.
By formula (1) and Lemma 2.1, we get the following
Lemma 3.1. Rik and Ric = Rkk are rational functions in y.
Proof of Theorem 1.1. By Lemma 3.1, Ric(y) is a rational function in y. By assumption, F is an Einstein metric, i.e., Ric =
(n − 1)K F 2, and F 2 is not a rational function, since F is not Riemannian. Therefore, K = 0. 
In Finsler geometry, the ﬂag curvature is an analogue of sectional curvature in Riemannian geometry. A nature problem
is to study and characterize Finsler metrics of constant ﬂag curvature. There are only three local Riemannian metrics of
constant sectional curvature, up to a scaling. However there are lots of non-Riemannian Finsler metrics of constant ﬂag
curvature. For example, the Funk metric is positively complete and non-reversible with K = −1/4 and the Hilbert–Klein
metric is complete and reversible with K = −1. Clearly, if a Finsler metric is of constant ﬂag curvature, then it is an Einstein
metric. We get
Corollary 3.1. Let F = m
√
ai1 i2···im (x)yi1 · · · yim be a non-Riemannianm-th root metric on amanifold of dimension n 2, wherem 3.
If F is of constant ﬂag curvature K , then K = 0.
Example 3.1. Let
F = 4
√√√√ n∑
i=1
(
yi
)4
.
By a direct computation, we get Gi = 0 and Rik = 0. Thus the ﬂag curvature of F is zero.
Example 3.2. Let
F = 4
√√√√ n∑
i=1
x2i
(
yi
)4
.
By a direct computation, we get Gi = (yi)212xi and Rik = 0. Thus the ﬂag curvature of F is zero. It is known that every Berwald
metric with K = 0 is locally Minkowskian. So F is locally Minkowskian.
4. Weak Einstein metrics
A Finsler metric on an n-dimensional manifold is called a weak Einstein metric if
Ric = (n − 1)
{
3θ
F
+ σ
}
F 2,
where θ is a 1-form and σ = σ(x) is a scalar function.
Proof of Theorem 1.2. If F is a weak Einstein metric, then
Ric = (n − 1)(3θ F + σ F 2),
where θ is a 1-form and σ = σ(x) is a scalar function. By Lemma 3.1, we know that Ric is a rational function in y. So we
have:
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F = −3(n − 1)θ ±
√
9(n − 1)2θ2 + 4(n − 1)σRic
2(n − 1)σ .
On the other hand, F = m
√
ai1 i2···im (x)yi1 yi2 · · · yim , so we get
F = m
√
ai1i2···im(x)yi1 yi2 · · · yim =
−3(n − 1)θ ±√9(n − 1)2θ2 + 4(n − 1)σRic
2(n − 1)σ .
Clearly, θ = 0 or F is a 1-form, since m 3. When θ = 0, F is an Einstein m-th root metric, by Theorem 1.1, we get Ric = 0.
If F is a 1-form, then F is not positive deﬁnite, thus it is impossible.
Case 2. If θ = 0, we get
3(n − 1)θ F = Ric.
In this case, F is a 1-form and F is not positive deﬁnite, thus it is impossible.
By the arguments in the above two cases, we get σ = θ = 0, thus Ric = 0. 
Deﬁnition 4.1. Let F = F (x, y) be a Finsler metric on a manifold M .
(a) F is of almost isotropic ﬂag curvature if K = 3cxmymF + σ , where c = c(x) and σ = σ(x) are scalar functions on M;
(b) F is of weakly isotropic ﬂag curvature if K = 3θF + σ , where θ is a 1-form and σ = σ(x) is a scalar function on M .
Clearly, if a Finsler metric is of weakly isotropic ﬂag curvature, then it is a weak Einstein metric.
Corollary 4.1. Let F = m
√
ai1 i2···im (x)yi1 · · · yim be a non-Riemannianm-th root metric on amanifold of dimension n 2, wherem 3.
If F is of almost isotropic ﬂag curvature K , then K = 0.
5. Scalar ﬂag curvature
It is an important fact that for a Riemannian metric, the ﬂag curvature K = K (P ) is independent of y ∈ P for any section
P ∈ TxM . Thus if F is of scalar ﬂag curvature, then it must be isotropic. Moreover, it must be constant, when dimension
n > 2 by the Schur lemma.
Recall the following important theorem.
Theorem 5.1. (See [8].) Let (M, F ) be an n-dimensional Finsler manifold of scalar curvature with ﬂag curvature K (x, y). Suppose that
the S-curvature is isotropic, S = (n + 1)c(x)F (x, y), where c(x) is a scalar function on M. Then there is a scalar function σ(x) on M
such that K = 3cxmymF + σ . In particular, c(x) = c is a constant if and only if K = K (x) is a scalar function on M.
By Corollary 4.1 and Theorem 5.1, we get the following theorem immediately.
Theorem 5.2. Let F = m
√
ai1 i2···im (x)yi1 · · · yim be a non-Riemannianm-th root metric on a manifold of dimension n 2, wherem 3.
If F is of scalar curvature with ﬂag curvature K (x, y) and the S-curvature is isotropic, S = (n + 1)c(x)F (x, y), then K = 0.
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